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The first generation of multi-qubit quantum technologies will consist of noisy, intermediate-scale
devices for which active error correction remains out of reach. To exploit such devices, it is thus
imperative to use passive error protection that meets a careful trade-off between noise protection and
resource overhead. Here, we experimentally demonstrate that single-qubit encoding can significantly
enhance the robustness of entanglement and coherence of four-qubit graph states against local noise
with a preferred direction. In particular, we explicitly show that local encoding provides a significant
practical advantage for phase estimation in noisy environments. This demonstrates the efficacy of
local unitary encoding under realistic conditions, with potential applications in multi-qubit quantum
technologies for metrology, multi-partite secrecy and error correction.
Introduction—Quantum systems are notoriously frag-
ile due to unavoidable interactions with their environ-
ment [1], resulting in decoherence that grows exponen-
tially with system size. This represents a major road-
block for quantum computing [2], quantum communica-
tion [3] and quantum metrology [4], rendering noise mit-
igation [5–7] indispensable. Quantum error correction
(QEC) [8–10] schemes in principle achieve full protec-
tion against decoherence. However, daunting experimen-
tal requirements on the single qubit noise rate and large
resource overheads [11] make QEC a long-term vision.
A complementary approach, expected to play a cen-
tral role in near-term quantum technologies [12], is to
relax the fault-tolerance requirement against arbitrary
noise aiming instead at enhanced robustness of quan-
tum systems, under experimentally relevant conditions.
One of the dominant types of noise is local dephasing
along a privileged direction [13–15]. There, simple single-
qubit unitary encoding can drastically improve the re-
silience of quantum resources [16] such as multi-qubit
Greenberger-Horne-Zeilinger (GHZ) [17] states, where an
exponential decay of entanglement [18, 19] can be turned
into a linear decay [16]. This improvement is crucial
for metrology applications such as phase estimation in
noisy environments [20, 21], whereby the otherwise opti-
mal phase sensitivity of GHZ states [22] become asymp-
totically bounded by a constant [23].
Here, in a state-of-the-art 4-photon experiment at tele-
com wavelength, we report an in-depth study of the en-
hanced noise resilience that can be gained from local en-
coding [16]. Using symmetric informationally complete
(SIC) [24] tomographic techniques, we quantify the noise
resilience of quantum resources such as coherence and
entanglement for all local-unitarily inequivalent classes
of 4-qubit graph states [25, 26]. Finally, as quantified by
the experimental phase variance and the quantum Fisher
information [27], we observe that our encoding provides
a clear improvement of the 4-qubit GHZ states useful-
ness for noisy quantum phase estimation. Notably, even
under full dephasing, where the entanglement is always
zero, the states nonetheless remain useful, hinting at a
key role played by coherence, shown instead to be inde-
pendent from the noise when the encoding is applied.
Multi-Qubit Robustness by Local Encoding— Consider
an ideal quantum system subjected to local dephasing
noise, before being used for an information-processing
task such as phase estimation. Such is the case, for ex-
ample, when the system crosses a noisy region before the
protocol happens or if its implementation is much faster
than the dephasing timescale. We note that the results
are the same when the noise acts during the phase es-
timation task, here however, we keep them separate for
simplicity. We aim to encode the system before the noise
acts in order to increase its resilience against dephasing
with as simple an encoding as possible, and then decode
the system before it is being used. Taking the dephasing
to act on the state ρ in the computational basis {|0〉, |1〉},
the single-qubit dephasing channel is given by
D(ρ) .=
(
1− p
2
)
ρ+
p
2
σzρσz, (1)
where σz = |0〉〈0| − |1〉〈1| is the Z Pauli matrix, and
0 ≤ p ≤ 1 quantifies the noise strength from no noise
(p = 0) to full dephasing (p = 1). Consider now, for
instance, an N -qubit GHZ state defined as
|GHZN 〉 .= 1√
2
(|0〉⊗N + |1〉⊗N) (2)
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FIG. 1. Experimental Setup. Preparation of 4-qubit GHZ
states and encoding stage. Pairs of photons at 1550 nm
are generated via spontaneous parametric downconversion in
periodically-poled KTP (PPKTP) crystals. The GHZ state
is obtained from interfering photons from two entangled pairs
on a polarizing beam splitter (PBS). The state is then locally
encoded, dephased, decoded, and measured using a combi-
nation of quarter-waveplate (QWP), half-waveplate (HWP),
PBS, and superconducting nanowire single photon detectors
(SNSPDs) with four-fold coincidence detection. On the right,
the real and imaginary part of the experimental density ma-
trices (without dephasing) are shown.
The entanglement of GHZ states under single-qubit
dephasing is known to decay exponentially with N .
More precisely, for the dephased GHZ state ρN (p)
.
=
D⊗N (|GHZN 〉〈GHZN |) it holds that E (ρN (p)) ≤ (1 −
p)NE (ρN (0)) for any convex entanglement quantifier
E [18, 19]. However, this scaling can be drastically im-
proved [16] by encoding the state using local Hadamard
gates H, defined by H|0〉 .= |+〉 and H|1〉 .= |−〉 with
|±〉 .= 1√
2
(|0〉 ± |1〉). The resulting encoded GHZ state:
|GHZencN 〉 .= H⊗N |GHZN 〉 =
1√
2
(|+〉⊗N + |−〉⊗N)
(3)
has the same entanglement properties, yet its entan-
glement decay rate becomes independent of N and
linear in p. Formally, the dephased encoded state
ρencN (p)
.
= D⊗N (|GHZencN 〉〈GHZencN |) satisfies the bound
E (ρencN (p)) ≥ E (ρ2(p)) for all N and thus possesses at
least as much resilience as the two-qubit state |GHZ2〉. A
similar enhancement can be extended for arbitrary graph
states [26], which play a crucial role in measurement-
based quantum computing and quantum error correction,
see Supplementary Materials (SM) for details.
Experimental setup—We now test these passive error
protection techniques in a state-of-the-art photonic plat-
form, Fig. 1. Qubits are encoded in the horizontal |h〉 =
|0〉 and vertical |v〉 = |1〉 polarization states of single pho-
tons. These are generated at 1550 nm via collinear type-
II spontaneous parametric down-conversion in a 22mm
long periodically-poled KTP (PPKTP) crystal, pumped
with a 1.6 ps pulsed laser at 775 nm [28]. After spec-
tral filtering with a bandwidth of 3 nm, the source gener-
ates ∼ 3075 pairs/mW/s with a symmetric heralding effi-
ciency of ∼ 55%. Embedding the crystal within a Sagnac
interferometer [29] enables the generation of high-quality
entangled states of the form
|ψ−〉 = 1√
2
(|h〉|v〉 − |v〉|h〉) , (4)
with typical fidelities F (ρe, ρt) = (Tr[
√√
ρtρe
√
ρt])
2 =
99.62+0.01−0.04% where ρe and ρt are the experimental and
target state respectively. The measured purity is P =
99.34+0.01−0.09% and entanglement as measured by the con-
currence [30] is C = 99.38+0.02−0.10%. The photons are
detected using superconducting nano-wire single-photon
detectors (SNSPDs) with an efficiency of ∼ 80% and pro-
cessed using a time-tagging module with a resolution of
156 ps. Using two such photon-pair sources in the setup
of Fig. 1, we can prepare the 4-qubit GHZ state |GHZ4〉
of Eq. (2) by subjecting one photon of each entangled
pair to nonclassical interference on a polarizing beam
splitter (PBS), which transmits horizontal and reflects
vertically polarized photons. This implements a so-called
type-I fusion gate [31] for which we achieved a visibility of
91.80+1.73−1.73%, translating into a purity of P = 87.09
+1.15
−2.18%
and fidelity of F = 92.53+0.63−1.23% for the 4-qubit GHZ
state. The states are generated at a measured rate of
47.6Hz using 60mW pump power.
Single qubit dephasing of Eq. (1) is experimentally im-
plemented in a controllable manner by applying individ-
ual phase flips, using HWPs, to a fraction of the runs
weighted by the dephasing strength p. The density ma-
trices of the experimentally generated states are then re-
constructed using maximum-likelihood quantum state to-
mography. The tomography was performed using the set
of symmetric informationally complete (SIC) measure-
ments [24], which reduces the number of measurements
compared to the standard Pauli basis by a factor (2/3)N ,
leading to improved precision at equal acquisition time.
Experimental noise protection—In this section we
present the experimental results attesting the capabil-
ity of the method proposed, whose application in phase
estimation is shown in the next section. We investigate
the effect of the encoding proposed on two paradigmatic
quantum resources: quantum entanglement and coher-
ence. The former is quantified by the negativity [32], the
latter instead using the recently developed resource the-
ory of multilevel coherence [33, 34], see SM for details.
The results for both these figures of merit are shown in
Fig. 2. The top panel shows that the negativity of the
encoded |GHZenc4 〉 states is significantly more resilient
against dephasing than the bare states. Moreover, the
inset in Fig. 2 shows how the enhancement for a fixed
amount of dephasing becomes more significant as the
number of qubits increases, instead of the exponential
decay observed for the bare states [16]. As shown in the
SM, such noise resilience is notably achieved by increas-
ing the amount of entanglement with the environment.
In fact, the encoded states experience a higher loss of
purity than the non-encoded ones.
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FIG. 2. Resilience enhancement of negativity in the
partition (1|234) and the robustness of coherence RC1 .
Shown is the negativity (top) and coherence (bottom) of the
GHZ with (dashed-orange) and without (solid-blue) encod-
ing. The solid (dashed) lines depict the theoretical predic-
tions with the experimental bare (encoded) input state. In
the top-right inset the trend of the GHZ negativty is shown
in terms of the number of qubits and at fixed noise p = 0.5.
With the encoding proposed, the entanglement is best pro-
tected when the number of qubits increases. For the coher-
ence only, the theory prediction starting with an ideal input
encoded state is shown with a dotted-orange curve. Note that
experimental imperfections tend to lead to additional coher-
ence terms compared to the ideal GHZ state. The robustness
of coherence reflects this as higher initial values of coherence
and non-vanishing coherence for all dephasing strengths. Er-
ror bars represent 3σ statistical confidence regions obtained
from a Monte-Carlo routine taking into account the Poisso-
nian counting statistics.
The bottom panel of Fig. 2, shows how coherence of
the encoded states not only is protected from the action
of noise but distinctly manifests independence from it.
Non-encoded states, on the other hand, show an expo-
nential decay. Intuitively, this may be understood based
on the distribution of coherence within the state. Con-
centrating all coherence on two terms (coherence rank 2),
such as the bare GHZ4 state leaves the state vulnerable
to dephasing. In contrast, maximally spreading it out
(coherence rank 2N ), as in the encoded state, achieves
increased resilience. In the latter case indeed, the de-
coding map (a non-free operation in the resource theory
of coherence) can under certain conditions recover a sig-
nificant amount of coherence, see SM for details. We
remark that, multi-level coherence is independent of en-
tanglement measures and can unlock information on the
encoding effects otherwise inaccessible. This, as we will
see in the next section, provides useful insights on phase
estimation in noisy environment. Finally, noise protec-
tion, is also achieved for the linear cluster state, see SM.
Enhanced phase estimation—We now exploit our pas-
sive error correction for quantum metrology, by perform-
ing a 4-qubit phase estimation task [35] in a noisy envi-
ronment. The goal is to estimate an unknown phase φ
imparted on a probe state ρ by the unitary Uφ = e−
i
2φσz
by measuring the evolved state ρφ
.
= U⊗Nφ ρU
†
φ
⊗N
. It is
well known that GHZ states are optimal for phase esti-
mation [4]. In the presence of dephasing noise, however,
this task becomes much more challenging, and different
inequivalent strategies can be devised [36, 37]. We now
show how our local encoding can significantly enhance
the metrology performance of 4-qubit GHZ state under
such conditions. To assess the performance of phase es-
timation we study the expectation value:
Tr[ρφ (|+〉〈+|)⊗4]ghz = 1
16
(
(p− 1)4 cos(4φ) + 1) ,
for noise of strength p, showing that for maximal dephas-
ing i.e. p = 1, no phase information can be recovered.
Conversely, if the encoding of Eq. (3) is used, we find im-
proved performance for all p. Most strikingly, the encod-
ing preserves phase sensitivity even under full dephasing:
Tr[ρφ (|+〉〈+|)⊗4]ghzenc = 1
128
(4 cos(2φ) + cos(4φ) + 11).
Although entanglement is recognized as a fundamental
resource for phase estimation [38, 39], is remarkable to
note that phase sensitivity is observed even in the full
dephasing regime, whereby the entanglement is always
zero, even for the encoded states. It follows that the
phase sensitivity observed is instead provided by the co-
herence only, which as we have previously seen is left
untouched by the dephasing. Only when both coherence
and entanglement are zero (as for the non-encoded states)
the phase sensitivity is completely suppressed. This sug-
gests, at least for this instance, the coherence to be a
useful resource whereby the entanglement is not.
Experimentally, we applied a phase-shift φ ∈ [0, pi] to
each qubit, by shifting the measurement’s waveplates
accordingly and reconstructed the expectation values
Tr[ρφ (|+〉〈+|)⊗4] as a function of φ for a range of p,
see Fig. 3a. The results clearly show a steeper slope of
Tr[ρφ (|+〉〈+|)⊗4] for the encoded state compared to the
bare state for all non-zero values of φ. This directly trans-
lates into a more sensitive phase estimator in the encoded
case. Moreover, we emphasize that the encoded fringes
preserve at least half the visibility of the p = 0 case,
even for p = 1 where instead, without our encoding, the
bare fringes flatten to a constant value. In other words,
whereby phase estimation would be normally impossible,
our encoding makes it feasible again.
This qualitative behavior is turned into a quantitative
result by measuring the experimental variance of the esti-
mated phase in the point where the fringes are the steep-
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FIG. 3. Phase estimation with and without encoding. a) Expectation value 〈+1 +2 +3+4〉 as a function of phase
and amount of noise p, for a locally encoded (orange) and a non-encoded (blue) 4-qubit GHZ state. In particular, for values
of p = 0, 0.25, 0.5, 1 the experimentally measured expectation values as a function of the phase are shown. The theoretical
predictions are shown as blue-solid (no encoding) and orange-dashed (encoding) curves, and error bars indicate 3σ statistical
uncertainty regions obtained from a Monte Carlo resampling of our Poisson counting statistics. In the absence of noise (p = 0)
there is no difference between encoded and bare states. With increasing dephasing, however, the advantage of the encoding
becomes clear in that the expectation values for bare states decay to zero, but remain non-zero for all p if the local encoding is
used. b) Robustness enhancement of the quantum Fisher information. QFI of the encoded (dashed-orange) and non-encoded
(solid-blue) states, compared with the shot-noise limit (solid green). Without encoding, the GHZ state loses its advantage
already in the low-noise regime. In contrast, as shown in the figure, the encoding preserves the QFI for all values of dephasing,
ideally (dotted-orange), and up to p = 0.6 experimentally. c) Comparison of the phase variance without (blue) and with
(orange) encoding, for different noise strengths. Notably, with encoding, the variance observed is up to 2 orders of magnitude
smaller than the case without, where the error on the inferred phase diverges with increasing noise.
est for different values of p, according to
V ar[φ] =
V ar[]
| ddφ|2
, (5)
where  is the measured average value of our estimator
 ≡ 〈+1 +2 +3+4〉. The results are shown in Fig. 3b.
More in general however, the primary figure of merit
in quantum metrology is the so called quantum Fisher
information (QFI) [27]. Indeed, in the noiseless case, the
statistical deviation δφ in the estimation of φ, is bounded
as δφ ≥ 1/
(√
νF(ρφ)
)
[40], where ν is the number of
repetition runs in the estimation and F(ρφ) is the QFI,
measuring the maximum amount of information about
φ that can be extracted from ρφ. For separable states
F(ρφ) ≤ N , namely the QFI is bounded by the shot-
noise limit (SNL), while for GHZ states the QFI attains
the optimal value Fmax = N2, known as the Heisenberg
limit. On the other hand, the QFI of a locally dephased
GHZ state F(ρN (p)) = N2(1 − p)2N , indicates that for
fixed noise strength p the precision of the estimate of φ
decreases exponentially with N . Such drastic decay is
turned into a quadratic one for the encoded GHZ state,
F(ρTN (p)) = N2(1− p)2+4N
(
1− p2
)
p
2 . The Fisher infor-
mation is measured experimentally for both the encoded
and non-encoded density matrices [41], see Fig. 3c. In
absence of noise we experimentally observe a value close
to the Heisenberg limit N2 = 16 exponentially turned to
0 when the encoding is not applied. On the other hand,
encoded GHZ states preserve their quantum advantage
for significantly high noise strengths.
Conclusions— We have shown that, given knowledge
of the dominant noise sources in the experiment, pro-
tection of quantum resources without complex encoding
and additional overhead in the number of physical qubits,
is feasible in practice and can enable significant perfor-
mance improvements. We revealed different behaviors of
graph states for all the quantum figure of merits under
study, highlighting the importance of a deep understand-
ing of state dynamics in the multi-qubit scenario. In
particular, we exploited our method in one of the most
common quantum information tasks i.e. phase estima-
tion. Adding dephasing noise, we simulated a realistic
implementation of such protocol where without any ac-
tion no quantum advantage would be observed. With our
encoding, we instead observe phase-sensitivity up to the
full-noise regime where only coherence and not entangle-
ment might be the useful resource for such task. In con-
clusion, we successfully proposed an alternative route for
noise-protection which might be further exploited as far
as active multi-qubit quantum error correction remains
out of reach for near-term technology.
5This work was supported by the UK Engineering
and Physical Sciences Research Council (grant num-
ber EP/N002962/1), the Ramón y Cajal fellowship
(Spain), Spanish MINECO (QIBEQI FIS2016-80773-P
and Severo Ochoa SEV-2015-0522), the AXA Chair in
Quantum Information Science, Generalitat de Catalunya
(SGR875 and CERCA Programme), Fundació Pri-
vada Cellex and ERC CoG QITBOX. FG acknowl-
edges studentship funding from EPSRC under grant no.
EP/L015110/1. MR acknowledges funding from the
European Union’s Horizon 2020 research and innova-
tion programme under the Marie Skłodowska-Curie grant
agreement No 801110 and the Austrian Federal Min-
istry of Education, Science and Research (BMBWF).
LA acknowledges financial support from the Brazilian
agencies CNPq (PQ grant No. 311416/2015-2 and
INCT-IQ), FAPERJ (JCN E-26/202.701/2018), CAPES
(PROCAD2013), FAPESP, and the Serrapilheira Insti-
tute (grant number Serra-1709-17173). RC acknowl-
edges the Brazilian ministries MEC and MCTIC, fund-
ing agency CNPq (PQ grants No. 307172/2017-1 and
No 406574/2018-9 and INCT-IQ), the John Templeton
Foundation via the grant Q-CAUSAl No. 61084 and the
Serrapilheira Institute (grant number Serra-1708-15763).
[1] Wojciech Hubert Zurek, “Decoherence, einselection, and
the quantum origins of the classical,” Rev. Mod. Phys.
75, 715–775 (2003).
[2] Michael A. Nielsen and Isaac L. Chuang, Quantum Com-
putation and Quantum Information: 10th Anniversary
Edition, 10th ed. (Cambridge University Press, 2011).
[3] Hans Aschauer and Hans J. Briegel, Coherent Evolu-
tion in Noisy Environments, edited by Andreas Buchleit-
ner and Klaus Hornberger (Springer Berlin Heidelberg,
Berlin, Heidelberg, 2002) pp. 235–261.
[4] Vittorio Giovannetti, Seth Lloyd, and Lorenzo Maccone,
“Advances in quantum metrology,” Nat. Photon. 5, 222
(2011).
[5] Michael Freedman, Alexei Kitaev, Michael Larsen, and
Zhenghan Wang, “Topological quantum computation,”
Bulletin Am. Math. Soc. 40, 31–38 (2003).
[6] Daniel A Lidar, Isaac L Chuang, and K Birgitta Whaley,
“Decoherence-free subspaces for quantum computation,”
Phys. Rev. Lett. 81, 2594 (1998).
[7] Yong Su Kim, Jong Chan Lee, Osung Kwon, and
Yoon Ho Kim, “Protecting entanglement from decoher-
ence using weak measurement and quantum measure-
ment reversal,” Nat. Phys. 8, 117–120 (2012).
[8] Peter W. Shor, “Scheme for reducing decoherence in
quantum computer memory,” Phys. Rev. A 52, 2493–
2496 (1995).
[9] A. R. Calderbank and Peter W. Shor, “Good quantum
error-correcting codes exist,” Phys. Rev. A 54, 1098–1105
(1996).
[10] A. M. Steane, “Error Correcting Codes in Quantum The-
ory,” Phys. Rev. Lett. 77, 793–797 (1996).
[11] Dorit Aharonov and Michael Ben-Or, “Fault-Tolerant
Quantum Computation with Constant Error Rate,”
SIAM J. Comp. 38, 1207–1282 (2008).
[12] John Preskill, “Quantum Computing in the NISQ era and
beyond,” Quantum 2, 79 (2018).
[13] Juichi Noda, Katsunari Okamoto, and Yutaka Sasaki,
“Polarization-maintaining fibers and their applications,”
J. of Lightwave Tech. 4, 1071–1089 (1986).
[14] D. Leibfried, R. Blatt, C. Monroe, and D. Wineland,
“Quantum dynamics of single trapped ions,” Rev. Mod.
Phys. 75, 281–324 (2003).
[15] Philipp Schindler, Daniel Nigg, Thomas Monz, Julio T.
Barreiro, Esteban Martinez, Shannon X. Wang, Stephan
Quint, Matthias F. Brandl, Volckmar Nebendahl, Chris-
tian F. Roos, Michael Chwalla, Markus Hennrich, and
Rainer Blatt, “A quantum information processor with
trapped ions,” New J. Phys. 15, 123012 (2013).
[16] Rafael Chaves, Leandro Aolita, and Antonio Acín, “Ro-
bust multipartite quantum correlations without complex
encodings,” Phys. Rev. A 86, 020301 (2012).
[17] Daniel M. Greenberger, Michael A. Horne, Abner Shi-
mony, and Anton Zeilinger, “Bell’s theorem without in-
equalities,” Am. J. Phys. 58, 1131 (1990).
[18] L. Aolita, R. Chaves, D. Cavalcanti, A. Acín, and
L. Davidovich, “Scaling laws for the decay of multiqubit
entanglement,” Phys. Rev. Lett. 100, 080501 (2008).
[19] L. Aolita, F de Melo, and L. Davidovich, “Open-system
dynamics of entanglement:a key issues review,” Rep.
Prog. Phys. 78, 042001 (2015).
[20] Anil Shaji and Carlton M Caves, “Qubit metrology and
decoherence,” Phys. Rev. A 76, 032111 (2007).
[21] R. Chaves, J. B. Brask, M. Markiewicz, J. Kołodyński,
and A. Acín, “Noisy metrology beyond the standard
quantum limit,” Phys. Rev. Lett. 111, 120401 (2013).
[22] Vittorio Giovannetti, Seth Lloyd, and Lorenzo Maccone,
“Quantum-enhanced measurements: beating the stan-
dard quantum limit,” Science 306, 1330–1336 (2004).
[23] Rafał Demkowicz-Dobrzański, Jan Kołodyński, and
Mădălin Guţă, “The elusive heisenberg limit in quantum-
enhanced metrology,” Nat. Commun. 3, 1063 (2012).
[24] Joseph M. Renes, Robin Blume-Kohout, A. J. Scott, and
Carlton M. Caves, “Symmetric informationally complete
quantum measurements,” J. Math. Phys. 45, 2171–2180
(2004).
[25] M HEIN, “Entanglement in graph states and its ap-
plications,” Proc. International School of Physics" En-
rico Fermi" on" Quantum Computers, Algorithms and
Chaos," Varenna, Italy, July 2005 (2005).
[26] Marc Hein, Jens Eisert, and Hans J Briegel, “Multiparty
entanglement in graph states,” Phys. Rev. A 69, 062311
(2004).
[27] Alexander S Holevo, Probabilistic and statistical aspects
of quantum theory, Vol. 1 (Springer Science & Business
Media, 2011).
[28] Francesco Graffitti, Jérémy Kelly-Massicotte, Alessan-
dro Fedrizzi, and Agata M Brańczyk, “Design consid-
erations for high-purity heralded single-photon sources,”
Phys. Rev. A 98, 053811 (2018).
[29] Alessandro Fedrizzi, Thomas Herbst, Andreas Poppe,
Thomas Jennewein, and Anton Zeilinger, “A wavelength-
tunable fiber-coupled source of narrowband entangled
photons,” Opt. Express 15, 15377–15386 (2007).
[30] Scott Hill and William K. Wootters, “Entanglement of a
Pair of Quantum Bits,” Phys. Rev. Lett. 78, 5022–5025
(1997).
6[31] Daniel E. Browne and Terry Rudolph, “Resource-
Efficient Linear Optical Quantum Computation,” Phys.
Rev. Lett. 95, 010501 (2005).
[32] Guifré Vidal and Reinhard F Werner, “Computable mea-
sure of entanglement,” Phys. Rev. A 65, 032314 (2002).
[33] Carmine Napoli, Thomas R. Bromley, Marco Ciancia-
ruso, Marco Piani, Nathaniel Johnston, and Gerardo
Adesso, “Robustness of Coherence: An Operational and
Observable Measure of Quantum Coherence,” Phys. Rev.
Lett. 116, 150502 (2016).
[34] Martin Ringbauer, Thomas R. Bromley, Marco Ciancia-
ruso, Ludovico Lami, W. Y. Sarah Lau, Gerardo Adesso,
Andrew G. White, Alessandro Fedrizzi, and Marco Pi-
ani, “Certification and quantification of multilevel quan-
tum coherence,” Phys. Rev. X 8, 041007 (2018).
[35] G. Tóth and I. Apellaniz, “Quantum metrology from a
quantum information science perspective,” J. Phys. A 47,
424006 (2014).
[36] Rafal Demkowicz-Dobrzański and Lorenzo Maccone,
“Using entanglement against noise in quantum metrol-
ogy,” Phys. Rev. Lett. 113, 250801 (2014).
[37] Stefano Pirandola and Cosmo Lupo, “Ultimate preci-
sion of adaptive noise estimation,” Phys. Rev. Lett. 118,
100502 (2017).
[38] Géza Tóth, “Multipartite entanglement and high-
precision metrology,” Phys. Rev. A 85, 022322 (2012).
[39] Philipp Hyllus, Wiesław Laskowski, Roland Krischek,
Christian Schwemmer, Witlef Wieczorek, Harald Wein-
furter, Luca Pezzé, and Augusto Smerzi, “Fisher infor-
mation and multiparticle entanglement,” Phys. Rev. A
85, 022321 (2012).
[40] Samuel L. Braunstein and Carlton M. Caves, Statisti-
cal distance and the geometry of quantum states, Vol. 72
(1994) pp. 3439–3443.
[41] Jing Liu, Xiao-Xing Jing, Wei Zhong, and Xiao-Guang
Wang, “Quantum Fisher Information for Density Matri-
ces with Arbitrary Ranks,” Commun. Theor. Phys. 61,
45–50 (2014).
7SUPPLEMENTARY MATERIAL
Extension to linear cluster graph state—Graph states
are a sub-class of multi-qubit states which can be ex-
pressed by means of a graph, where vertices represent
qubits and links entangling interactions. These play a
fundamental role from quantum computation to quan-
tum error correction. For N = 4 qubits there exist only
two classes of connected graph states in-equivalent under
local unitary transformation [26] i.e. a state in one class
can not be mapped to a state in the other by means of
any local unitary operation. The paradigmatic represen-
tatives of these two families are the GHZ state |GHZ4〉
and the linear cluster state |CL4〉, with the latter com-
monly defined as
|CL4〉 .=CZ1,2CZ2,3CZ3,4HHHH|0000〉 =
=
1
2
(|+ 00+〉+ | − 10+〉+
+ |+ 01−〉 − | − 11−〉),
(S1)
where the tensor product is omitted and CZi,j is a
controlled-Z gate [2] on qubits i and j. This expression
corresponds to the graph state represented as a linear
chain with qubits 1, 4 as external vertices. By investi-
gating with our protocol both the GHZ and the linear
cluster quantum states, we could in essence covers all 4-
qubit graph states. The optimal local-unitary encoding
for |CL4〉 turns out to be H ⊗ 1 ⊗ 1 ⊗ H, with 1 the
single-qubit identity operator, resulting in the state
|CLenc4 〉 =
1
2
(|0000〉+ |1100〉+ |0011〉 − |1111〉) (S2)
This state can be generated experimentally by subject-
ing one photon of an entangled pair to two sequen-
tial fusion gates with uncorrelated single photons in the
state |+〉 and with a Hadamard gate in between, see
Fig. S1. The purity and fidelity of the obtained state are
P = 81.77+0.65−0.85% and F = 89.03+0.38−0.60% respectively. As
for the GHZ case we compute the negativity in the par-
tition (1|234) and the robustness of multilevel coherence.
As shown in Fig. S2 the encoding provided enhances the
resilience of linear cluster states against the action of de-
phasing. Moreover, it is even possible to qualitatively
change the behavior from finite-time disentanglement to
infinite-time disentanglement. Regarding the coherence,
contrary to the GHZ case, a constant behavior cannot
be achieved, due to subtle differences in the structure
of the states. Nonetheless protection is observed for all
the values of dephasing. We note that, since contrary
to the GHZ state the linear cluster state is known to be
non-optimal for phase estimation, we limited our study
to the case of entanglement and coherence enhancement
of locally encoded linear cluster states.
Finally, for both the GHZ state and Linear Cluster, we
consider all the 1-vs-rest partitions (i|jkl) and 2-vs-2 bi-
partitions : (12|34), (13|24), (14|23). The encoded 4-GHZ
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FIG. S1. Linear Cluster experimental setup. Pairs of
photons at 1550 nm are generated via spontaneous paramet-
ric downconversion in periodically-poled KTP (PPKTP) crys-
tals. The encoded linear cluster is obtained from two succes-
sive interference of one photon from an entangled pair with
two diagonally polarized single photons. The state is then
locally encoded, dephased, decoded, and measured using a
combination of quarter-waveplate, half-waveplate, PBS, and
superconducting nanowire single photon detectors with four-
fold coincidence detection. On the right, the real and imagi-
nary part of the experimental density matrices (without de-
phasing) are shown.
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FIG. S2. Resilience enhancement of negativity in the
partition (1|234) and the robustness of coherence RC1 .
Shown is the negativity (top) and coherence (bottom) of the
CL4 with (dashed-orange) and without (solid-blue) encod-
ing. The solid (dashed) lines depict the theoretical predictions
with the experimental bare (encoded) input state. Notably,
for high values of noise, a zero-negativity observed without en-
coding is turned into a non-zero value . Error bars represent
3σ statistical confidence regions obtained from a Monte-Carlo
routine taking into account the Poissonian counting statistics.
state is optimally protected in both all the 1-vs-rest and
82-vs-2 partitions. The scenario is more complex when
instead we study the linear cluster, in fact there always
exists at least one 1-vs-rest partition where the protec-
tion is optimal. However, the partition depends from
the encoding chosen. Nevertheless, encoding providing
protection for all the 1-vs-rest partitions exist, but the
protection is not optimal.
Evolution of the purity and entanglement entropy with
the environment—Intuitively, one would assume that the
noise resilience is achieved by reducing the amount of en-
tanglement with the environment that is generated (thus
increasing the state’s purity). Surprisingly, however, the
results of Fig. S3 show that, for the GHZ case, the op-
posite is true and the encoded states experience a higher
loss of purity than the non-encoded ones.
Purity of a density matrix ρ is given by Tr[ρ2] and
can be expressed in terms of the eigenvalues λk as P =∑
k λ
2
k. The evolved dephased bare GHZ state has eigen-
values
λ0 = (1/2)(1− (1− p)N ) (S3)
λ1 = 1− λ0 (S4)
leading to P (ρN (p)) = 12
(
1 + (1− p)2N). On the other
hand, the encoded state has eigenvalues given by
λk = (1− p/2)N−k(p/2)k + (1− p/2)k(p/2)N−k (S5)
with 0 ≤ k ≤ N − 1 (each with a degen-
eracy of
(
N−1
k
)
) leading to a purity P (ρNT (p)) =(
pN (1− p2 )N + (1− p+ p
2
2 )
N
)
. Although both purities
decay exponentially with N , the purity of the bare state
tends to 1/2, while the purity of encoded state tends to
21−N . The entanglement between system and environ-
ment can also be quantified via the von Neumann entropy
of the system
S(ρ) = Tr(ρ log2 ρ) = −
∑
k
λk log2 λk. (S6)
For this quantity, closed formula expressions are not any
longer possible but one can easily see some interesting
properties. For the bare GHZ state the entanglement
entropy tends to S(ρN (p)) = 1 while for the encoded
state S(ρTN (p)) = N−1 as p→ 1. Moreover, for any p > 0
it follows that S(ρTN (p)) > S(ρN (p)), that is, at all times
of the noisy evolution the encoded and more robust state
is surprisingly more entangled with the environment.
Intuitively, this can be understood as a consequence of
the special structure of the GHZ state, which even after
full dephasing retains classical correlations that manifest
in relatively high residual purity. In the encoded case,
the coherence is more distributed, thereby reducing the
resilience of the state’s purity. In the case of the linear
cluster, on the other hand, the bare state features uni-
formly distributed populations, while the encoded state
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FIG. S3. Experimental results for the purity under
local encoding. Shown is the purity of the GHZ (top) and
linear cluster (bottom) states with (dashed-orange) and with-
out (solid-blue) encoding. The solid (dashed) lines depict the
theoretical predictions with the experimental bare (encoded)
input state. Interestingly, conversely to the GHZ case, the
purity of the linear cluster is enhanced by the local encoding.
The 3σ error bars, are smaller than the symbol size.
is sparser. As a consequence, the optimal encoding pro-
tects both entanglement and purity.
Robustness of multilevel coherence—Following
Ref. [34], we now review the concept of multilevel
quantum coherence as a fine-grained quantifier for
the amount of coherence present in a given quantum
state. We consider composite N -qubit systems and
measure coherence with respect to the computational
basis {|0〉, |1〉}⊗N . In order to capture the structure
of coherence in such a system, one first defines the
following sets of states
Ck := conv{|ψ〉〈ψ| : rc(|ψ〉) ≤ k}, (S7)
where conv stands for convex hull and rc is the coherence
rank of |ψ〉, given by the number of non-zero coefficients
in the basis-decomposition of |ψ〉. C1 is the set of fully
incoherent states, given by density matrices that are di-
agonal in the computational basis, while Cd ≡ D(H) is
the set of all states in the d-dimensional Hilbert space
H. It was shown in Ref. [34] that these sets obey a strict
hierarchy and that the amount of k-level coherence can
be quantified by the robustness of multilevel coherence
RCk(ρ) := inf
τ∈D(H)
{
s ≥ 0 : ρ+ sτ
1 + s
∈ Ck
}
. (S8)
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FIG. S4. Robustness of multilevel coherence. Shown is
the robustness of 3-level (RC2) and 4-level (RC3) coherence
the bare (blue) and encoded (orange) linear cluster. Similar to
the results in the main text, the encoding provides enhanced
protection of coherence at all levels and for all values of p.
Experimental data is shown as dots with 3σ error bars.
Here τ is any density matrix. A state has coherence num-
ber k, if it can be decomposed into pure states which are
superpositions of at most k basis elements, while every
decomposition must contain at least one such state. For
k = 1, this measure simply quantifies the total amount
of coherence in the system and it can be computed effi-
ciently for all k, given the density matrix. For k = 2 and
k = 3 instead the results are shown in Fig. S4. Exper-
imentally, we can quantify the multilevel coherence for
a given density matrix using the following semi-definite
program, see Ref. [34] for details.
RCk(ρ) = min Tr(
∑
I∈Pk σ˜I)− 1
s.t. σ˜I ≥ 0 ∀I ∈ Pk
PI σ˜IPI = σ˜I ∀I ∈ Pk∑
I∈Pk σ˜I ≥ ρ .
(S9)
Here Pk is the set of all the k-element subsets of
{1, 2, . . . , d}, and PI :=
∑
i∈I |i〉〈i|
